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We show that the formulation of lattice QCD using
fermions whose Dirac operator obeys the Ginsparg-Wilson
relation, reproduces all the low energy QCD phenomenol-
ogy associated with chiral symmetry at nite lattice spacings.
In particular it explains the origin of massless pions due to
spontaneous chiral symmetry breaking in a simple way, while
leading to new insights on the U(1) problem. It is no longer
necessary to invoke the continuum limit to discuss many of
the soft pion theorems. Quenched singularities appear nat-
urally in this formulation. This is perhaps the best known
formulation of non-perturbative QCD with a nite cuto.
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Formulating QCD non-perturbatively is important
for understanding the low energy phenomenology of
hadronic physics. The only such formulation that is
known at present is through the lattice regularization.
However, until now fermions have been a major obstacle
in these formulations. The main reason has been that chi-
ral symmetry is easily broken on the lattice. Since two of
the main features of low energy QCD, namely the sponta-
neous breaking of chiral symmetry and the anomaly, are
intimately connected with chiral symmetry, one hardly
uses the lattice discretization to discuss the low energy
phenomenology of QCD. Even if such a discussion was
carried out, one usually needs to invoke continuum limits
before the formulation can actually be argued to repro-
duce all the low energy properties of QCD.
At nite lattice spacings it is usually unclear as to how
chiral symmetry is realized and what properties of QCD
are lost. For example with Wilson fermions [1], since chi-
ral symmetry is explicitly broken, there is no reason to
expect massless pions unless one tunes a mass parameter
to a critical point. Further, the critical point appears to
describe spontaneous breaking of parity and avor sym-
metry [2]. Thus the soft pion theorems of QCD will not
be reproduced at nite lattice spacings. If instead one
starts with staggered fermions [3] one can only formu-
late four avors of QCD in the Lagrangian formulation.
In this case a U(1) subgroup of the avor non-singlet
chiral symmetry is exact on the lattice. However, the a-
vor symmetry gets broken at nite lattice spacings which
again is expected to be restored only in the continuum
limit.
The anomalous breaking of the avor singlet chiral
symmetry is expected to give the 
0
particle its mass.
With both Wilson and staggered fermions, discussions in-
volving the anomaly have new complications. Since the
lattice regularization breaks the anomalous chiral sym-
metry along with other chiral symmetries, the eects of
the anomaly cannot be easily isolated. The simple con-
tinuum discussion in terms of the zero modes of the Dirac
operator and topology of the gauge elds breaks down.
All this indicates that both Wilson and staggered fermion
formulations are not ideal for a description of low energy
QCD phenomenology at nite lattice spacings.
A long time ago Ginsparg and Wilson [4], showed that








where a is the lattice spacing, then the theory would
have a remnant chiral symmetry up to contact terms. An
year ago Hasenfratz noticed that the xed point action of
QCD obeyed the Ginsparg-Wilson relation [5] and hence
a series of interesting results [6,7] about renormalization
and lattice index theorems followed. It seemed that there
was more to the relation than was appreciated in the past.
Recently Luscher showed that there is an exact chiral
symmetry on the lattice [8] due to the Ginsparg-Wilson
relation, since the Nielsen-Ninomiya theeorem [9] is not
valid. As a result, for the rst time, we can write down
a formulation of QCD with the right internal symme-
tries of the theory at nite lattice spacings. Thus in this
formulation the role of the continuum limit is merely to
renormalize some multiplicative constants and suppress
nite lattice artifacts which do not change the internal
symmetry structure of the theory. This leads to the most
elegant non-perturbative formulation of QCD.
In this letter we show the main features of the above
observations. We use the exact chiral symmetry that
arises due to the Ginsparg-Wilson relation to derive the
essential physics of low energy QCD. For the rst time
we are able to discuss the physics of chiral symmetry
breaking relevant to QCD with any number of avors,
the associated pion physics and the essential ingredients
of the U(1) problem, all directly at nite lattice spac-
ings without much eort. In particular we derive a chiral
condensate of the theory which reects the breaking of
chiral symmetry. For two or more avors we reproduce
the Goldstone's theorem if the chiral symmetry is spon-
taneously broken. Further, since the Ginsparg-Wilson
relation allows for the breaking of the anomalous chiral
symmetry through exact zero modes of the Dirac opera-
tor like in the continuum, we can easily discuss a solution
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to the U(1) problem. This in turn can be used to derive
a non-trivial relation between the chiral condensate and
the topological susceptibility dened on the lattice. We
discuss the interesting implications of this relation. The
problems associated with the quenched approximation
can be traced to the violation of this relation.
Some of the results that we derive already appear in
[6,7]. However, our derivation is suciently dierent
and perhaps more transparent since we discuss it di-
rectly from the path integral approach based on ideas
in [8]. Our presentation of the U(1) problem and its con-
sequences appears to be new. We have tried to keep the
derivations simple and easily accessible to readers famil-
iar with eld theory.
Let us begin by understanding the exact chiral symme-
try on the lattice that arises due to the Ginsparg-Wilson
























[U ] is some lattice gauge action and g
2
is the













where we assume that D obeys eq.(1). We have sup-
pressed color and avor indices for convenience. The
action is invariant under the innitesimal chiral trans-
















However, the measure is not invariant under these trans-














is the number of quark avors. This means
that the avor-singlet chiral transformation suers an
anomaly on the lattice like in the continuum. Further
like in the continuum the anomaly arises only due to a







are the number of zero modes of D which are also
simultaneous eigenstates of 
5
with eigenvalue 1. We
will explain the origin of eq.(5) later. The avored chi-
ral transformations are obtained in the usual way by in-
cluding a traceless avor matrix in the transformations
of eq.(4). The avored transformations are exact sym-
metries of the theory. Thus chiral symmetry and the
anomaly emerge exactly like in the continuum, however
all the above arguments are being made on a nite lat-
tice.
A natural candidate for the chiral condensate emerges
like in the continuum. Starting from the denition of the





ing a change of integration variables by an innitesimal






















aD)	i = 0 (7)
When the theory contains more than one avor, the
above relation strictly holds at nite volumes. This is
because there exist avored (chiral) symmetries that are
not broken by any anomalies. The only way the chi-
ral condensate could be non-zero, is due to spontaneous
breaking of chiral symmetry which is a subtle feature of
the thermodynamic limit. To see this one has to add
a small mass term to the Dirac operator and break the
symmetry explicitly. If the symmetry is spontaneously
broken then the condensate would be non-zero when the
thermodynamic limit is taken before the explicit symme-
try breaking mass is set to zero. In the case of a single
avor, the only chiral symmetry of the action is broken





aD)	i 6= 0 even in nite
volumes.
In the presence of a mass term we can derive the mod-
ied relation,










using the Ginsparg-Wilson relation. To see the origin
of massless pions when the chiral symmetry is sponta-
neously broken, let us look at the zero momentum pion
correlation function G
ab































hermitian, traceless avor matrices. Doing the Grass-











































where we have absorbed the fermion determinant in the
path integral measure along with the Boltzmann weight
of the gauge elds used to calculate the expectation value.
By multiplying eq.(8) with (D+m)
 1






























which can be used to rewrite G
ab
as an expectation value
















If chiral symmetry is spontaneously broken the right












. This is the Goldstone's theorem.
It is straight forward to obtain a solution to the U(1)
problem in the above language. Consider the zero mo-


















































where again we have absorbed the fermion determinant
into the Boltzmann weight used to calculate the expecta-
tion value. The rst term is familiar from the non-singlet
pion correlator. The second term is non-zero only in con-
gurations that have a non-zero index of the lattice Dirac
operator, exactly like in the continuum. This is because
















































This relation can be used to obtain new insight on the
U(1) problem. A solution to the U(1) probem requires
G
00
to remain non-singular in the chiral limit. It is clear
that the rst term on the right hand side is singular in





aD]	i 6= 0. This is expected
to be true in nite volumes for one avor QCD due to the
anomaly, and innite volumes for two or more avor QCD
due to spontaneous chiral symmetry breaking. In both
these cases, if G
00
must remain non-singular, the singular
piece in the rst term must cancel with a corresponding





















at the leading order in the chiral limit. Thus we see
that the solution to the U(1) problem requires a connec-
tion between the lattice topological susceptibility dened
using the index of the lattice Dirac operator, and the chi-
ral condensate in the chiral limit. Such a connection is
known in the literature in the context of eective models
[10] and the large N
c
limit [11]. However, now the same
result emerges directly from lattice QCD.
At nite volumes in the one avor case, eq.(17) is easy
to understand since only sectors with unit topological
charge contribute to both sides of the equation. How-
ever, if one takes the innite volume limit before tak-
ing the chiral limit, the relation is somewhat surprising.
In this limit, the chiral condensate is expected to get
contributions from a non-zero density of small eigenval-
ues of the Dirac operator. This is the content of the
Banks-Casher formula [12] and will be derived later in
the present context. The exact zero modes of the Dirac
operator on the other hand are expected to be suppressed
with the volume. Thus it is unclear why the topological
susceptibility, which is related to exact zero modes on
the lattice, is also related to the density of approximate
zero modes as eq.(17) requires. Another interesting con-
sequence of the equation is that the topological suscep-
tibility goes linearly to zero with the mass, independent
of the number of avors, if chiral symmetry is sponta-
neously broken. This appears to be a consequence of the
fact that the thermodynamic limit and the chiral limit
do not commute [10].
The relation described by eq.(17) is valid only in the
full theory of QCD where fermions can be created and
destroyed in the vacuum. In the quenched limit the left
hand side is independent of the mass and number of
fermion avors, which only enter through the fermion
determinant. Thus in the quenched theory the avor-
singlet pion correlator will show divergences in the chiral
limit, since the singular pieces between the two terms
in eq.(16) do not cancel. The form of these singulari-
ties have been predicted using chiral perturbation theory
[13] and can now be tested even at nite lattice spacings.
Further, since exact zero modes of the Dirac operator are
necessary for the anomaly, they are physical and occur
even at nite lattice spacings. These produce new sin-
gularities in the quenched theory at nite volumes. In
particular the chiral condensate is expected to diverge in
the chiral limit due to the zero modes.
All the above results have been derived without spec-
ifying an explicit realization of the the Dirac operator
that obeys the Ginsparg-Wilson relation. There appears
to be two classes of solutions. The xed point actions
[6,14] form one of them. A second class was suggested
by Neuberger [15] based on ideas from the overlap for-
mulation [16]. The solution has a simple structure based
on the four dimensional Wilson like Dirac operator D
W
,










tant point is that D
W
must have an appropriately tuned
negative mass term to be in the right phase to produce
QCD. Whether such a phase exists is an open problem
and needs further research. This operator also emerges
3
naturally from Shamir's variant of domain wall fermions
[17], when the distance between the walls is taken to in-
nity.
The above solutions to the Ginsparg-Wilson relation







Based on this it is possible to write a formula for the
chiral condensate in terms of the eigenvalues of the Dirac
operator. It is easy to show that aD 1 is unitary whose
eigenvalues can be represented as   exp(i);     
. The exact zero modes of D correspond to eigenvalues














1 + cos() + i sin()
2(1  cos()  i sin() + am)
(18)
where () is the normalized density of eigenvalues
R
d () = N
f
. Due to the hermiticity of D the eigen-
values come in complex conjugate pairs, so that () is












This is the Banks Casher formula [12]. In the present
context it is easy to see that tr(
5
D) gets contribution
only from the subspace of eigenvectors of D with eigen-





) due to the fact that tr(
5
) = 0. This is one
way to understand the origin of eq.(5).
Preliminary results from simulations using the Dirac
operator suggested by Neuberger in the Schwinger model
[18] and the domain wall fermions in quenched QCD [19]
give clear evidence for divergences in the quenched chi-
ral condensate due to exact zero modes on nite lattices.
Such singularities are expected due to the anomaly as
discussed above, but have not been seen in realistic sim-
ulations involving staggered fermions. This perhaps re-
ects the fact that the breaking of chiral symmetry in the
quenched theory, is represented well by Ginsparg-Wilson
fermions even at nite lattice spacings. Thus, quenched
lattice QCD with Ginsparg-Wilson fermions may give a
more denitive answer to the question about the reliabil-
ity of the quenched approximation.
In conclusion, we have shown how Ginsparg-Wilson
fermions reproduce the low energy physics of QCD at -
nite lattice spacings. The exact chiral symmetry of the
action can in principle be used to derive a host of soft pion
theorems even at nite lattice spacings. We have concen-
trated on the Goldstone's theorem and obtained interest-
ing consequences from a solution to the U(1) problem. If
simulations involving Ginsparg-Wilson fermions are fea-
sible it is very likely that the results would reect physical
reality more easily than the conventional fermion formu-
lations.
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